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Abstract. An expression for the probability of transmission of an electron from an ordinary
metal into a medium with a finite quasiparticle lifetime is derived. The derivation is based
on using a certain matrix, analogous to the transmission matrix for the elastic transport case,
assigned to each region of the sample being investigated. This matrix is determined by the
functional shapes of the electronic reciprocal-effective-mass tensor, the one-particle potential
energy and the retarded self-energy in a given sample region, as well as by the energy and
direction of motion of the incident electron.

As an example of an application, the differential conductance is calculated for a tunnelling
contact between an ordinary metal and an anisotropic marginal-Fermi-liquid metal for various
characters of the contact interlayer zone.

1. Introduction

The quantum-mechanical electronic transmission coefficient, representing the probability
of transmission of an electron from one electrode through the vacuum or some solid-state
structures into another electrode, plays an important role in a variety of physical problems.
For example, it occurs in various forms of Landauer’s formula, allowing one to calculate
the conductance of a sample from its transmissive behaviour [1–3], in an expression for the
current in scanning tunnelling microscope theory [4], and in formulas for the differential
conductance in some approaches to tunnelling spectroscopy or point-contact spectroscopy
theory (see, e.g., [5]). In all of these cases, to predict the results theoretically or to interpret
experimental data it is necessary to calculate the transmission coefficients for particular
situations.

In the case of elastic electronic transport through layered planar structures, i.e. when
the system parameters (electronic effective mass, potential energy) are varying only in one
spatial direction and the behaviour of an electron can be described by a one-electron wave
function governed by the one-electron Schrödinger equation, there is an efficient method
for calculating the electronic transmission coefficient—the so-called ‘transmission matrix
approach’ [6].

In this approach, a certain matrix (called a ‘transmission matrix’) is assigned to each
sample region with constant electronic effective mass and potential energy. This matrix is
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determined only by the effective-mass and potential-energy values in the region considered,
and the energy of an incident electron. The matrix connects the values of a wave function
and its derivative at the two ends of a given region. Any real smooth potential-energy and
effective-mass functions are approximated by multistep functions havingN segments. Each
one of these segments represents a single region with constant parameters. The transmission
matrix is calculated for each such segment. The overall transmission matrix is found by
multiplying the transmission matrices for all partial segments. This overall matrix is used
for calculating the transmission coefficient.

However, very often the behaviour of one particle in a many-particle system is described
by means of a one-particle Green’s function instead of a one-particle wave function. The
marginal-Fermi-liquid model represents an important illustration of such a situation.

Marginal-Fermi-liquid (MFL) phenomenology [7, 8] was proposed to correlate many
normal-state properties of high-temperature superconductors as well as the appearance of a
Fermi surface by means of a single hypothesis. In this approach, the crucial role is played by
a strongly energy-dependent and momentum-independent retarded one-particle self-energy
of a special form. The imaginary part of this self-energy reveals itself in, for example,
tunnelling experiments.

Within the Green’s function formalism, in some cases the quasiparticle energies can
be evaluated by solving the so-called ‘effective wave equation’ for the auxiliary ‘wave
function’. This ‘effective wave equation’ is obtained from the original Green’s function
equation of motion (with the self-energy givena priori) by replacing the Green’s function
(a function of two space-time points) by an auxiliary ‘wave function’ (a function of only
one space-time point) and putting the right-hand side of the equation equal to zero [9].

In general, if the self-energy is a complex function of the energy (with a non-
zero imaginary part), the ‘effective wave equation’ represents a non-linear non-Hermitian
problem. In such a case it is impossible to use the bilinear expansion of the Green’s function
in auxiliary ‘wave functions’. Then it is not permissible to interpret and treat the auxiliary
‘wave function’ as a real one-particle wave function and the ‘effective wave equation’ as
a Schr̈odinger equation describing the quasiparticle behaviour, with all the corresponding
consequences [9]. So, we cannot use the simpler wave-function formalism for investigating
the electron tunnelling. We are forced to deal with more complicated Green’s function
formalism to evaluate the quantities needed.

In the present paper we are dealing with inelastic electronic transport through a layered
planar structure, so the behaviour of an electron is described by a one-electron retarded
Green’s function with a finite self-energy imaginary part. To take into account possible
lattice anisotropy we also introduce into our consideration the anisotropic reciprocal-
effective-mass (REM) tensor.

The method derived retains the advantages and efficiency of the ‘elastic’ ‘transmission
matrix approach’. The transmission coefficient is also calculated by means of a certain
matrix (analogous to the transmission matrix), assigned to each region of the sample.
This matrix is unambiguously determined by the functional shapes of the REM tensor, the
potential energy and the self-energy within a given sample region, and by the energy and
the direction of an incident electron. If the many-particle effects are negligible, i.e. the self-
energy vanishes, our matrix becomes identical with the conventional transmission matrix.
The structure of our matrix enables us to express the entire matrix as a product of particular
matrices assigned to the sub-regions of the region considered. So it is possible to use
efficient numerical procedures for evaluating the transmission coefficients for various solid-
state structures or to make some deductions about the effects of particular barriers on the
total transmission probabilities, and so on.
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A slightly different method leading to the same result (the same matrix) was used in a
very abridged and less consistent form in our earlier article [10].

As an illustrative example of the applicability of the method presented, the differential
conductance for tunnelling contact between an ordinary metal and an anisotropic MFL
metal was calculated for different situations (various orientations of the symmetry axes with
respect to the interface, various functional forms of the transitions of model characteristics
from ordinary-metal bulk parameters into the MFL ones, etc).

Although initially developed for MFLs, the method presented can be used for calculating
the transmission coefficients not only for MFLs, but also for any system with momentum-
independent self-energy (momentum independence reflects strongly spatially localized
interactions), e.g. heavy-fermion compounds [11].

2. Theoretical derivation of an expression for the electronic transmission coefficient

To study the probability of the transmission of an electron from an ordinary metal to
some material of interest, we consider a model system represented by a sample consisting
of a macroscopic electrode made from the material of interest and filling up the whole
half-space, with a ‘barrier’ layer and an ordinary-metal layer of macroscopic thickness
(serving as the other electrode) deposited on its planar surface (parallel with thexy-plane).
Because this geometry has been adopted, the physical properties of our sample are expected
to vary only in the direction perpendicular to the layers, i.e. they are functions only of
the coordinatez. With respect to the spatial changes of these properties, the sample can
be divided into three principal regions (ignoring the changes near the free surface of an
ordinary-metal electrode which are irrelevant for the phenomena investigated, due to the
macroscopic electrode thickness): the region of constant bulk ordinary-metal parameters
for −L 6 z < 0; the interlayer region with varying parameters for 06 z 6 Z; and the
region of the material being investigated with constant bulk parameters forZ < z <∞. In
the interlayer region the parameters vary from those of the first region to the ones of the
third region. The changes need not be continuous; jumps can occur. The interlayer region
contains, besides an ‘artificial’ barrier layer, also several ‘degraded’ surface atomic layers
of the two electrodes.

We suppose that the low-temperature behaviour of an electron in the above-mentioned
model system is described by a one-electron zero-temperature retarded Green’s function. As
we are interested in non-ferromagnetic materials and situations without an external magnetic
field, the Green’s function is a diagonal matrix in the spin space and so we will omit the
spin indices. The relevant model parameters are those occurring in the Green’s function: the
‘band’ reciprocal-effective-mass tensor 1/m(z), the one-electron potential energyU(z) and
the retarded self-energy6(E; z, z′). In our approach we assume that these characteristic
parameters are known.

The ‘band’ REM tensor is introduced to take into account the symmetry of a crystalline
lattice. The ‘band’ attributes reflect the fact that this tensor reflects only the interaction of an
electron with the static lattice (with a periodic potential field) and no many-electron effects
or corrections are considered. For the elements of the REM tensor we use the notation
(1/m)ij ≡ 1/mij .

Many-particle effects are included in the self-energy term. We are interested in systems
with momentum-independent bulk self-energy (see the introduction). This reflects strongly
spatially localized interactions. We suppose that this strong localization persists also in the
surface layers, but that the ‘amplitude’ of these processes can change. So we assume that
within the interlayer region the self-energy term has the form6(E, z)δ(z − z′), whereδ(z)
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is the Dirac delta function. In an ordinary metal no many-particle effects are expected, so
in this part of the sample the self-energy vanishes.

The one-electron potential-energy termU(z) describes the electron potential-energy
changes due to the applied external electric field, the ‘artificial’ barrier layer, degradation
of the near-interface layers, etc.

As a starting point for calculating the transmission coefficient, we use the relation

P(f, i) ≡ |〈f |i〉|2. (1)

The quantityP(f, i) can be interpreted as a probability of a sudden transition of the system
from the normalized state|i〉 to the normalized state|f 〉. With respect to the goals that
we want to achieve (to calculate the probability of transmission of one electron from an
ordinary-metal electrode to the electrode made of the metal being investigated, the rest of
the system remaining unchanged), we write these state vectors in the form

|ξ〉 ≡
(∑

m

|m,N + 1〉〈m,N + 1|c+ξ |0, N〉
)/√∑

m

|〈m,N + 1|c+ξ |0, N〉|2

for E 6 Em(N + 1)− E0(N) 6 E + dE. (2)

Here the|m,N〉 are the exact normalizedN -electron eigenstates of the Hamiltonian
describing our model system and theEm(N) are the exact energies of the system in these
states. The valuem = 0 is reserved for quantities belonging to the ground state. The
operatorc+ξ , ξ = i, f , defined as

c+ξ ≡
∫

dV ϕξ (r)9
+(r) (3)

creates the electron in a one-electron stateϕξ (r). 9+(r) is an obvious ‘field’ operator
creating an electron at a pointr. The integration in (3) runs over the volume of the sample.

The vector |ξ〉 can be interpreted as a state vector corresponding to the following
situation: anN -electron system is in its ground state and an ‘additional’ electron is in
the stateϕξ (r) and has an energyE > EF (in the sense that the energy of the whole
(N + 1)-electron system isEm(N + 1) = E0(N) + E). EF is the Fermi energy of the
N -electron system:EF ≡ E0(N + 1) − E0(N). To obtain the ‘pure’ probability of an
electron transmission from one state to another (without complications connected with the
‘creation’ of the states considered), the vector|ξ〉 is normalized to unity.

Now we need to express the relation (1) in terms of the retarded one-electron Green’s
functionG(t − t ′; f, i), defined in the usual way:

G(t − t ′; f, i) ≡ −iθ(t − t ′)〈0, N | [cf (t)c+i (t ′)+ c+i (t ′)cf (t)] |0, N〉. (4)

Here θ(t) is a step function(θ(t) = 1 for t > 0, θ(t) = 0 otherwise). c+ξ (t) is the
Heisenberg representation of the operatorc+ξ .

Comparing the form of the spectral representation ofG(E; f, i) (the Fourier transform
of G(t − t ′; f, i) in t − t ′) (see, e.g., [12]) with the structure of our states (2), we see that
P(f, i) can be expressed as

P(E; f, i) = |G(E; f, i)−G
∗(E; i, f )|2

4 ImG(E; f, f ) ImG(E; i, i) . (5)

To evaluate this expression we need to know the Green’s function. The retarded one-
electron Green’s function for the above-described model system obeys the equation (in the
r-representation)[
E + h̄

2

2
∇ ·

(
1

m(z)

)
· ∇− U(z)−6(E, z)

]
G(E; r‖ − r′‖, z, z′) = h̄δ(r − r′). (6)
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As in the case investigated the Green’s function is a function ofr‖ − r′‖, equation (6) can
be rewritten in the form[
E + h̄

2

2

∂

∂z
Dz(q‖, z)+ i h̄2

2

(
qx

mzx(z)
+ qy

mzy(z)

)
∂

∂z
− E‖(q‖, z)− U(z)−6(E, z)

]
× G(E, q‖; z, z′) = h̄δ(z − z′). (7)

HereG(E, q‖; z, z′) is the partial Fourier transform of the Green’s functionG(E, r‖ −
r′‖; z, z′) and satisfies the following boundary conditions:

G(E + i0+, q‖;±∞, z′) = 0. (8)

The energyE‖(q‖, z) is defined as

E‖(q‖, z) ≡ h̄
2

2

(
q2
x

mxx(z)
+ 2

qxqy

mxy(z)
+ q2

y

myy(z)

)
.

To abbreviate the notation, we introduced the operatorDz(q‖, z) defined as

Dz(q‖, z) ≡ i

(
qx

mzx(z)
+ qy

mzy(z)

)
+ 1

mzz(z)

∂

∂z
. (9)

The solution of equation (7) can be written in the form [13]

G(EQ; z, z′) = 2

h̄

(1− θ(z − z′))f<(EQ; z)f>(EQ; z′)+ θ(z − z′)f>(EQ; z)f<(EQ; z′)
f<(EQ; z′)Dz(q‖, z′)f>(EQ; z′)− f>(EQ; z′)Dz(q‖, z′)f<(EQ; z′)

(10)

whereEQ= E, q‖ in this expression. Bothf -functions obey the common equation (7) with
zero right-hand side and each one satisfies just one boundary condition:

f<(E + i0+, q‖;−∞) = 0 (11a)

f>(E + i0+, q‖;+∞) = 0. (11b)

Taking into account the boundary condition (11), thef -functions have the following
forms for z < 0, i.e. the region of constant ordinary-metal bulk parameters:

f<(E, q‖; z) = exp(iqnz z) for z < 0 (12a)

f>(E, q‖; z) = a exp(iqpz z)+ b exp(iqnz z) for z < 0. (12b)

The coefficientsa andb are chosen in such a way that the full solutionf> satisfies the
boundary condition at+∞.

The wave-vector components are of the form

qp(n)z (E, q‖) = −
(
qx
m0
zz

m0
zx

+ qy m
0
zz

m0
zy

)
± m

0
zzv

0
z (E, q‖)
h̄

v0
z (E, q‖) =

√√√√2(E − E0
‖(q‖)− U0)

m0
zz

+ h̄2

(
qx

m0
zx

+ qy

m0
zy

)2

.

v0
z is the absolute value of thez-component of the electron group velocity in an ordinary

metal. The superscriptp indicates the wave-vector component with the plus sign before
the group velocity term, while the superscriptn indicates that with the minus sign. Ifm0

zz

is positive,qpz corresponds to the state with the positivez-component of the electron group
velocity andqnz to the state with the negative one. For brevity, the dependence ofqz and
v0
z on E andq‖ is not written out explicitly in the following.
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The quantityP(f, i), equation (1), represents the reflection coefficient if the initial state
ϕi(r) is chosen in the planar-wave form describing an electron moving with a velocity
that is the positivez-component of a group velocity from an ordinary-metal electrode to
the interface and the final stateϕf (r) is chosen in the planar-wave form describing an
electron moving with a velocity that is thez-component of a negative group velocity from
the interface to the ordinary-metal electrode. So the initial and final states are chosen in the
forms

ϕi(q‖, z) = 1√
L

exp(ippz z)(1− θ(z))δ(q‖ − k′‖) (13a)

ϕf (q‖, z) = 1√
L

exp(ipnz z)(1− θ(z))δ(q‖ − k‖) (13b)

with

pz = 2π

L
n n = 0,±1,±2, . . ..

Using (13), (12), (10), (3), (4), (5) and performing the corresponding integration, in the
limit L→∞ we obtained that the reflection coefficient is of the form

R(k‖, knz (E,k‖);k‖, kpz (E,k‖)) =
∣∣∣∣ba
∣∣∣∣2 (14)

and the non-zero transition probabilities are only for transitions between states with the
same parallel with the interface component of the wave vector. The wave vector of an
incident electron determines unambiguously the wave vector of a reflected electron and so
also the possible reflection channels.

Now we need to evaluate the coefficientsa and b appearing in the functionf> for
z < 0 (equation (12b)). The functionf> obeys the modified equation (7) and satisfies the
boundary condition (11b). From the character of equation (7) (with zero right-hand side) it
follows that the functionsf>(E,k‖; z) andDz(k‖, z)f>(E,k‖; z) are continuous functions
of the coordinatez. We construct a two-component column vector with the components

F1(E,k‖; z) ≡ f>(E,k‖; z) F2(E,k‖; z) ≡ h̄

iv0
z

Dz(k‖, z)f>(E,k‖; z). (15)

The pre-factor in the definition ofF2 ensures that the two vector components have the same
physical dimensions. Considering (7), we find that theF -vector obeys the equation

∂

∂z
F (E,k‖; z) = iU(E,k‖; z)F (E,k‖; z). (16)

The U matrix is of the order 2× 2 and has the following components:

U11(E,k‖; z) = U22(E,k‖; z) ≡ −mzz(z)
(

kx

mzx(z)
+ ky

mzy(z)

)
(17a)

U12(E,k‖; z) ≡ v0
zmzz(z)

h̄
(17b)

U21(E,k‖; z) ≡ h̄

v0
z

[
2

h̄2 (E − E‖(k‖, z)− U(z)−6(E, z))

+ mzz(z)
(

kx

mzx(z)
+ ky

mzy(z)

)2]
. (17c)

The solution of equation (16) can be written in the form

F (E,k‖; z) = α(E,k‖; z, z′)F (E,k‖; z′). (18)
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This expression connects the values of theF -vector at two points. We can assume that
the value ofF (E,k‖; z′) is known and serves as the ‘boundary condition’. So, using (18),
we are able to evaluate theF -vector at any other point. From (18) it follows that the matrix
α has the following properties:

(1) α(E,k‖; z, z) = 1 and
(2) α(E,k‖; z, z′) = α(E,k‖; z, z′′)α(E,k‖; z′′, z′).
Using (16), the matrixα can be formally written in the form

α(E,k‖; z, z′) ≡ exp

[
−i
∫ z

z′
du

(
kx
mzz(u)

mzx(u)
+ ky mzz(u)

mzx(u)

)]
A(E,k‖; z, z′) (19a)

and forz > z′

A(E,k‖; z, z′) ≡ Tz exp

[
i
∫ z

z′
du

(
0 U12(E,k‖; u)

U21(E,k‖; u) 0

)]
. (19b)

HereTz represents the space-ordering operation. When applied to a product of matrices it
arranges them from the right to the left in the order of increasingz, i.e. it puts the matrices
with largerz to the left of those with smallerz. So, the matrix with the smallestz appears
on the right-hand margin of the chain of matrices and that with the largestz appears on the
left-hand margin.

The coefficientsa andb (or more accurately the ratiob/a) can be expressed in terms
of the matrixα using equation (18). To do this,z′ is chosen deep in the ordinary-metal
electrode(z′ < 0) (f>(E,k‖; z′) has the form (12b)) andz deep in the electrode made of
the metal being investigated(z > Z) (the functionf>(E,k‖; z) has the form of a wave
propagating from the interface).

As |b/a|2 is the reflection coefficient and there is only one reflection channel, the
transmission coefficient is evaluated as 1− |b/a|2. After some algebraic operations, the
following expression is obtained for the transmission coefficient of an electron incident in
the state characterized by the wave vectork = (k‖, kpz (E,k‖)):

T (k‖, kpz (E,k‖)) = 2
/(

1− Tr[A+(E,k‖;Z, 0)V(E,k‖)A(E,k‖;Z, 0)]

Tr[τA+(E,k‖;Z, 0)V(E,k‖)A(E,k‖;Z, 0)]

)
. (20)

Here

τ ≡
(

0 1
1 0

)
V(E,k‖) ≡

( ∣∣w/v0
z

∣∣2 −w∗/v0
z

−w/v0
z 1

)
and

w(E,k‖) ≡ h̄
(

kx

mzx(∞) +
ky

mzy(∞) +
Qp

mzz(∞)
)
.

Qp is the solution of the equation

kx

mzx(∞) +
ky

mzy(∞) +
Qp

mzz(∞) =
√
v0
zU21(E,k‖;∞)
h̄mzz(∞)

with ImQp > 0.
Tr(A) means the sum of diagonal elements of matrixA;A+ is the Hermitian conjugate

of matrix A.
As is seen from (20), in the resultant expression there are onlyA matrices for the

region 06 z 6 Z, i.e. for the sample region with varying parameters. So, the result is
independent of the particular choice of the pointsz′ and z used in the intermediate stages
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of the deductive process. This is due to fact that the contributions toA matrices from the
‘constant-parameter tails’ (i.e. regions withz < 0 andz > Z), appearing in the intermediate
stages, cancel one another out in the final expression (20).

3. Discussion and conclusions

The aim of the work presented in this article was to find the expression for the transmission
coefficient, i.e. the probability of transmission of an electron from an ordinary-metal
electrode through the planar interlayer region into the electrode made of the material being
investigated, for the case of inelastic transport. Inelasticity is characterized by a finite
quasiparticle lifetime in the interlayer region and in the electrode made of the material
being investigated, represented by the finite imaginary part of the retarded self-energy.

In the general derived expression (20), the crucial role is played by the matrix (19b)
assigned to the sample region with varying parameters. This matrix is unambiguously
determined by the functional shapes of the relevant parameters. In the case presented, these
parameters are the reciprocal-effective-mass tensor, the one-electron potential energy and
the one-electron retarded self-energy.

Unfortunately, in general, the relevant matrix (19b) cannot be expressed in an explicit
analytical form. But its properties (in particular the property 2) enable us to write this matrix
as a product of ‘partial’ matrices assigned to the individual sub-layers (real or imaginary)
constituting the relevant sample region. If the ‘division’ of the region into sub-layers is
sufficiently fine, i.e. the number of sub-layers is large enough, we can treat each sub-layer
as a region of constant parameters. In this case each partial matrix has the form

Aj =


cos

√
U
j

12U
j

21lj i
U
j

12√
U
j

12U
j

21

sin
√
U
j

12U
j

21lj

iUj

21√
U
j

12U
j

21

sin
√
U
j

12U
j

21lj cos
√
U
j

12U
j

21lj

 . (21)

The quantitiesUj

12 andUj

21 are defined by equations (17b) and (17c) with constant parameters
introduced that relate to thej th sub-layer, andlj is the thickness of this sub-layer. The
total matrix can be expressed as

A = AnAn−1 · · ·A2A1. (22)

The sub-layers are numbered in the direction of motion of a transmitted electron.
If the imaginary part of the self-energy vanishes, i.e. we are dealing with elastic transport,

expression (20) can be transformed into the simpler form

T (k‖, kpz (E,k‖)) = 4
/{

2+ Tr

[(
w/v0

z 0
0 v0

z /w

)
A(E,k‖;Z, 0)A+(E,k‖;Z, 0)

]}
.

(23)

The quantityw is defined above.
To demonstrate the use of the derived method for evaluating the transmission coefficient,

the differential conductance for a tunnelling contact between an ordinary metal and an
anisotropic MFL metal is calculated.

We consider the case in which the Fermi energyEF of an ordinary metal is sufficiently
high compared with the range of the applied voltageVm (EF � eVm) and the tunnelling
regime is well established (UB � eVm, whereUB is the height of a rectangular potential
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barrier). Then the low-temperature differential conductanceGD(V ) ≡ dI (V )/dV can be
expressed as [14]

GD(V )

GD(0)
=
(∫ π/2

0
dθ sinθ

∫ 2π

0
dϕ (cosθ)T (kF‖, kPZ (EF + eV,kF‖))

)
×
(∫ π/2

0
dθ sinθ

∫ 2π

0
dϕ (cosθ)T (kF )

)−1

. (24)

Here the transmission coefficientT corresponds to the situation without an applied bias
(zero potential energy due to external fields).θ andϕ are the polar and azimuthal angles
of the incident-electron wave vector (thez-axis serves as a polar axis and thex-axis as an
azimuthal axis);kF is the Fermi wave vector of an ordinary-metal electron. To deal with
electrons transmitted from an ordinary metal into a MFL metal (the case investigated in this
article), we take into account only the positive bias (a positive bias means that the MFL is
positive).

At low temperatures, the MFL is characterized by a one-electron retarded self-energy
of the form [7, 8]

6(k, EF + ε) = λ
(
ε ln
|ε|
εc
− i
π

2
|ε|
)
. (25)

Hereλ is a coupling constant andεc is a high-energy cut-off.
The real Cu–O-based high-Tc superconductors are anisotropic ‘layered’ structures

with an isotropic effective massmab within the a–b planes and a different and much
higher effective massmc in the direction of thec-axis, perpendicular toa–b planes (see,
e.g., [15, 16]). Moreover, the normal-state conductivity is hole like and the charge-carrier
concentration is much lower than in an ordinary metal. To model this situation in a simple
way, we assume that in the MFL the Fermi level is near the top of the conduction bandE0

(E0 − EF ∼ 0.1 eV; low ‘hole’ concentration) and the conduction electrons have negative
effective masses. So, the ‘band’ electronic dispersion relation in the MFL is chosen in the
form

ε(k) = E0− h̄
2

2
k · 1

m(∞) · k. (26)

The components of the symmetric REM tensor are

1

mxx(∞) =
1

mab

1

myy(∞) =
sin2 γ

mc
+ cos2 γ

mab

1

mzz(∞) =
sin2 γ

mab
+ cos2 γ

mc

1

mxy(∞) = sinγ cosγ

(
1

mab
− 1

mc

)
.

(27)

The other elements are zero.γ is the angle between thec-axis and thez-axis; thex-axis
is chosen to lie in thea–b plane.

In this section we simply aim to illustrate the method used for calculating the
transmission coefficient, not to verify that the MFL is a suitable model for the normal state of
high-Tc superconductors or to search for optimum model parameters. So we accept without
discussion some of the values presented by other authors [15–17] (λ = 0.3, εc = 0.1 eV,
E0 = EF+0.1 eV,mab = (5/6)me,mc = (100/6)me;me is the free-electron mass). For the
ordinary metal we use the parameters corresponding to Ag (EF = 5.48 eV,kF = 12 nm−1)
and an isotropic effective massm0 = me.

For particular calculations we use, for simplicity, a slightly artificial model with a sharp
interface between a high rectangular potential barrier and a MFL metal as regards the REM
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tensor but not the self-energy. The MFL REM tensor of the form (27) is constant up to the
interface; the effective mass in the barrier is the same as in the ordinary-metal electrode
and is also constant up to the interface. For the self-energy the interface is not sharp, in the
sense that the coupling constantλ can be a function of the distance from the interface and
reach its bulk value at a distanceL > 0.

Calculations were performed for various situations. The differential conductance was
calculated according to (24) and the transmission coefficients according to (20)–(22). The
region with the parameterλ varying was divided into ten sub-regions. This degree of
division was found to be sufficient; finer division does not lead to substantial changes.

(a) (b)

Figure 1. The normalized differential conductance versus the applied voltage for a contact with
sharp interfaces. The curves presented correspond to situations in which the barrier thicknesses
are 0.1 nm (a) and 1 nm (b) and with the following values of the angleγ (g ≡ cosγ ) between
the MFL c-axis and the normal to the contact (from top to bottom): 90◦ (tunnelling in thea–b
plane direction), 60◦, 30◦ and 0◦ (tunnelling in thec-axis direction).

First, the effect of the barrier thickness on the differential conductance was investigated
for the case of a sharp ‘self-energy’ interface (the self-energy is constant up to the interface).
For high(U = 2EF ) thin barriers, theGD(V )s are nearly linear functions ofV with positive
slope for all anglesγ between the MFLc-axis and the normal to the interface. The slopes,
as well as the absolute values of the differential conductance, decrease with decreasing
angleγ . So, the highest slope and differential-conductance values are for tunnelling in the
a–b plane direction, the lowest for tunnelling in thec-axis direction. But as the barrier
thickness increases, the slopes of theGD(V ) curves decrease and finally become negative.
This effect is illustrated in figures 1(a) and 1(b).

Such behaviour of the differential conductance is caused by two different processes. For
electrons incident almost vertically onto the clear surface of the MFL, with our parameters,
the transmission probability decreases with increasing energy due to the increase of the
difference between the wave vectors of the incident and transmitted electrons (see dispersion
relation (26)) (figure 2). This tendency is only slightly affected by the many-particle effects
in the relevant energy region. On the other hand, for electrons incident non-vertically, the
transmission probability (vanishing at the Fermi level) increases with increasing energy just
due to the inelastic many-particle effects (e.g. the finite lifetime of an electron in a given
state) (figure 3).

The thin potential barrier in front of the MFL surface transmits electrons incident at
various angles with nearly equal probabilities. Electrons incident non-vertically can be
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Figure 2. The transmission coefficient versus the energy for an electron incident onto a clear
sharp interface perpendicularly. The curves presented correspond to tunnelling in thea–b plane
direction (solid line) and in thec-axis direction (dashed line). The energy is measured from the
Fermi level.

Figure 3. The transmission coefficient versus the energy for an electron incident onto a clear
sharp interface non-perpendicularly. The direction of incidence is characterized by the polar
angle 60◦ and azimuthal angle 0◦ (the normal to the interface serves as a polar axis and the
azimuthal axis is perpendicular to the normal to the interface as well as to the MFLc-axis). The
curves presented correspond to electrode configurations characteristic of tunnelling in thea–b
plane direction (solid line) and thec-axis direction (dashed line). The energy is measured from
the Fermi level.

revealed in the resulting conductance and their contribution outweighs the contribution of
electrons incident nearly vertically. So, in this case the differential conductance is an
increasing function of the voltage.

On the other hand, a thick barrier strongly reduces the transmission probabilities for
electrons incident on the barrier non-vertically. So, only the electrons incident nearly
vertically are manifested and the differential conductance is a decreasing function of the
voltage.

A similar effect is also caused by suppressing the inelastic many-particle effects (the
imaginary part of the self-energy) near the MFL surface. The MFL region with a suppressed
self-energy imaginary part acts as an additional effective barrier suppressing the contribution
of ‘non-vertical’ electrons. This situation is illustrated in figures 4 and 5.
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Figure 4. The normalized differential conductance versus the applied voltage for a contact
containing a sub-layer with a linearly increasing coupling-constant value. The curves presented
correspond to tunnelling in thea–b plane direction for a barrier thickness of 0.1 nm and with the
following values of the sub-layer thicknessL (from top to bottom): 0 nm (the sharp interface),
0.2 nm, 0.5 nm and 1 nm.

Figure 5. The normalized differential conductance versus the applied voltage for a contact
containing a sub-layer with a coupling-constant value increasing according to a power law. The
curves presented correspond to tunnelling in thea–b plane direction for a barrier thickness of
0.1 nm, a sub-layer thickness ofL = 1 nm and with the following values of the exponentn
appearing in the power law(z/L)nλbulk describing the coupling-constant increase (from top to
bottom): 0 (the sharp interface), 0.25, 0.5, 1 and 4.

Figure 4 presents the differential conductances for contacts with linearly increasing
self-energy intensity (coupling constantλ), from zero to the bulk value, for various rates of
increase, i.e. various lengths of regions with varying self-energy. The slope of theGD(V )

curve decreases with increasing length of this region.
In figure 5, the differential conductances for various functional shapes of the self-energy

increase in regions of the same length are presented. We again see that the slope decreases
with decreasing rate of the coupling-constant increase near the surface, i.e. with extension
of the region of suppressed self-energy values.

Differential-conductance curves for tunnelling contact between an ordinary metal and a
MFL, similar to those in figures 1(a) and 1(b), were calculated in [17] by another method
based on the tunnelling Hamiltonian approach. In that article, tunnelling in thec-axis
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direction was investigated. Dispersion along thec-axis was neglected, i.e. 1/mc = 0,
and within thea–b plane the electron-like parabolic band dispersion relation was used (in
contrast to our hole-like dispersion relation (26)). In that case the positive slope of the
GD(V ) curves decreased with decreasing barrier thickness, in contrast with our results. A
small negative slope of theGD(V ) curves was expected for tunnelling in thea–b plane
direction.

In [18], tunnelling measurements on cubic Ba–Pb(K)–Bi–O superconductors were
presented. The normal state of these materials is also expected to possess marginal-Fermi-
liquid character. The differential-conductance curves presented in [18] (all with positive
slope) are similar to our dependencies shown in figure 1(a). Discussion of the applicability
of the marginal Fermi liquid as a model for the normal state of Cu–O-based or Bi–O-based
superconductors, as well as the search for optimal MFL parameters to fit the experimental
data, are beyond the scope of this article. But the derived method for calculating the
transmission coefficient (and so also the differential conductance) represents a good starting
point for our further work in this field.
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